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CHAPTER ©

ADVANCED ANALOG FILTER
DESIGN ALGORITHMS

Classical analog fitter design techniques return only one design from an infinite collec-
tion of alternative designs, or fail to design filters when solutions exist. These classic
techniques hide a wealth of alternative filter designs that are more robust when imple-
menied in analog circuits. In this chapter, we present (1) case studies of optimal analog
filters that cannot be designed with classic techniques and (2) the formal, mathematical
framework that underlies their solutions. We have automated the advanced filter design
techniques in software, so we present detailed step-by-step design algorithms,

6.1 INTRODUCTION

In designing analog filters, one generally relies on canned software routines or mechan-
ical table-oriented procedures. The primary reason for these “black box™ approaches is
that the approximation theory that underlies filter design includes complex mathemat-
ics. Unfortunately, conventional approaches return only one design, thereby hiding a
wealth of alternative filter designs that are more robust when implemented in analog
circuits. In addition, conventional approaches may fail to find a filter when in fact one
exists.

We develop advanced design techniques to find a comprehensive set of optimal
designs to represent the infinite solution space. The optimal designs include filters that
have minimai order, minimal quality factors, minimal complexity, minimal sensitivity
to pole-zero locations, minimal deviation from a specified group delay, approximate
linear phase response, and mimmized peak overshoot of the step response. We base
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our approach on formal, mathematical properties of Jacobi elliptic functions [47, 53].
We automate these advanced filter design techniques in software |2, 51].
The key observations underlying advanced analog filter design are that

1. many designs salisfy the same user specification;

2. Butterworth and Chebyshev filters are special cases of elliptic filters; and

3. minimum-order filters may not be as efficient to implement as some higher-order
filters.

The filter optimization problem is a mixed-integer linear programming problem so
the classical techniques break down. Instead of using iterative numerical techmniques,
we solve these problems using closed-form algebraic expressions. Then, we present
several new case studies of optimal analog filters that cannot be designed with classical
techniques, and the formal, mathematical framework that underlies their solutions.

6.2 NOTATION

We review the list of symbols that we use in formulas and procedures when designing
anatog fitters. Often, we append a suffix to designate a quantity related to a specific
filter type. For example, we add 4 to designate highpass filter; thus, A, s A, of a

highpass filter.
A(w)—attenuation (dB)
Ap—maximum passband attenuation in specification (dB)
A,—minimum stopband attenuation in specification {dB)
cd(u, k)—Jacobi elliptic cd function
cd™! (v, k)—inverse Jacobi elliptic cd function
J—frequency (Hz)
fnp—normalized frequency in minimal Q-factor design
fp—passband edge frequency of designed filter (Hz)
F,—passhand edge frequency tn specification (Hz}
fi—stopband edge frequency of designed filter (Hz)
F,—stopband edge frequency in specification (Hz)
G (w)—gain (dB)
h(H (s), r)—impulse response
hy(H(s), t)—step response
H(n, &, ¢, p)—normalized lowpass transfer function
Hin o{n, £, p)—minimal Q-factor normalized lowpass transfer function
H (s)—transfer function
i—index(i=1,2.....n)
j—the imaginary unit (f = -1
k—modulus of elliptic functions
K.(n, &, €, x)—elliptic characteristic function
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K j{k)—complcte elliptic integral of first kind

K ,—characteristic function passband specification

K,—characteristic function stopband specification

L{n, &)—discrimination factor

£71(H (s))—the inverse Laplace transform of H(5)

M (w)-—magnitude response, M{w) = |H(jw)|

n—transfer function order (order for short)

R (Fp, Fy, Ko Ky )—minimum Butterwosth order

Achet(Fy, Fy. Kp, Kg)—minimum Chebyshev order

Repiip{Fp. Fy. Kp, Ky )—mimmum elliptic order

R ma —maximum order

A min—THMIMum order

Bming{Fp F5, K, Kg)—minimum order of minimal Q-factor design

p—normalized complex frequency

g (k)—modular constant

Q{s;)—quality factor of pole/zcro s;

Qmin (1. §, i)—quality factor of ith pole of minimal Q-factor design

R(n, &, x)—elliptic rational function

s—complex frequency, Laplace operator (rad/s)

sn(u, k)—Jacobi elliptic sn function

sn~!{v, k)—inverse Jacobi elliptic sn function

S(n., &, ¢, f)—ith pole of normaltzed lowpass transfer function

S s—attenuation-limit specification

S —gain-limit specification

Sx —characteristic-function-limit specification

Sy—magnitude-limit specification

Sy—magnitude-ripple specification

S —magnitude-tolerance specification

Sminp(n. &, 1)—ith pole of normalized lowpass transfer function for minimal (-
factor design

t—time ()

x—dimensionless variable

X(n, £, 1)—ith zero of elliptic rational function

§1—passband magnitude ripple

§,—stopband magpitude ripple

8,—passband magnitude tolerance

&,—stopband magaitude tolerance

L(n, £, e )—auxiliary function

e —T1ipple factor

£ —selectivity factor
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1 p{H (s). @)—group delay (s}
& (w)—phasc response, G (w) = arg(H (jw))
w—angular frequency (rad/s), w =2r f

Lx]—integer, x =< |x] < x+1

find real x over interval x; < x < x2
FindRoot { F(x) = G(x) } .
X <E 2 by solving F(x) = G(x}

find real x over interval x; < x < X3

Fi(x) = Gy(x) ) and real y over interval y; <y <
FindRoot l _
g UF(x) = Galx) ) by solving set of equations

[Fi(x) = G1(x), B{x)=Galx}}

6.3 DESIGN EQUATIONS AND PROCEDURES

In this section we summarize all design equations, formulas, and procedures that are
based on Jacobi elliptic functions. We use this relations in the purely numerical design.

6.3.1 Specification

A design specitication can be given 1n different ways:

Sy = (F, Fs. Ap, A,) 6.1)
S¢ = {Fp. Fi.Gp. Gy} (6.2)
S5 = [Fp Fy, 8p, 8) (6.3)
Sut = {Fpo Fo, My, M) (6.4)
S, = {F), Fs, 8, 82) (6.5)
Sk = |Fp Fs, Kp K3 (6.6)

We use a set of functions to convert one form of specification into another.

Y1 = 10-4:110

‘1(}"":‘!:}.{20

T = 10-As/ 10

10—4./20

K,(A,) =
(6.7)

K\'(Ai) -
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!1 _ 1DGP/![]
Kp(Gp) = 10G7/20
{6.8)
,fl — 10G./10
KS(GS) = 10C+/20
3 8;}(2 - Sp)
ol =
Ir]
(6.9)
142
K;(6;) = 5 :
l - Mﬁ
Kp(My) = ~—
r
(6.10)
1 — 2
K (M) = Tk’s
248
K,(5) = —L.
p( 1) 1 — 51
(6.11)
Ja -8
Ks{é1,8) = 3
2

6.3.2 Special and Auxiliary Functions

The following special mathematical functions are used in the design of elliptic filters:

(6.12)

w2 de
Kyk) = f L a—
! 01— k%sin’#

_l i 1
¥ = 8n , 1—2—
V1 + €2 Le(n, £)

1
KJ( h s_?) 1 (6.13)
f(n,E.¢) = sn 1 v, i1 — =
ks (Vl B Lz(n,EJ)

£?
'The procedure given by Eq. (6.13) comes from Eq. (12.302).
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. 11— J1-F
T2l YT
g =1 420+ 15 + 1502 + 17077
1
+ 2091002 4 268,616t + 3,567,406, k< —
2
1 48,555.06967 + 673.458 87447
glk) = g’
(6.14)
. 11— vk
214k
g =1+ 2%+ 157 + 1506 + 1,707:7
, 1
T 20,9102 1 268,616:7 + 3,567,40067, % <k <1

1 48,555,064 + 673,458,8741%

g(k) = o7 g’

The procedure given by Eq. (6.14) comes form Egs. (12.60). (12.64)-(12.67).

6.3.3 Transfer Function Order

For a given specification we compute the minimal order of the approximation functions.

F
P —
F
K;
L = —
P
1
K; I — E
N = 1 {6.15)
K, (vl - kz)
SO YT
N
Reilip (Fp, F,K, Ks) = 5

The proccdure given by Eq (6.15) comes from Eq. (12.338),

WA A

\*I '- -t
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F,
a3
K,
L =—
K,
N =cosh 'L (6.16)
D = cosh™!
N
Reheb (Fps Fs, Kp: Ks) = ‘._J
D
F,
T
L=—
KF
N =log, L (6.17)
D=1lo !
gmé
N
Pbus (Fps Fe, va Ks) = }\BJ

The procedures given by Eqs. (6.16) and (6.17) are based on formulas given in refer-
ence 15.

Rmin = Hellip (Fp; F, K,!Ja KJ‘)
(6.18)
Pmax = Zneﬂr'p (Fp: F:c- Kps Ks)
i = Railip (F_p, FM Kps Kc)
& = Ennlis 1, K7)
i F
While K. (7, &, —, &) > K,
K, F,
(6.19)

i=i+1

E = Epnli, 1, KD

HminQ (Fp- F, Kps K.s) = ]

The procedure given by Eq. (6.19) comes from Egs. (12.338) and (12.367)-(12.369).
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6.3.4 Zeros, Poles, and @-Factors
The basic functions for the elliptic design are X (n, £,1), S(n,§,¢,1), and Q(s). as

follows:
-1 1 1
X(n £,10) = —Cd( Ky () —)
n £ &
X, &, (n + 1)/2) =0, nodd (6:20)
X(n,8,1) « X(n, 8,2) < ... < X(n,&,n)

The procedure given by Eq. (6.20} comes from Eqgs. (12.134) and (12.323).

{ = t(n.& ¢}
x = X(n £ i)

2

Ve = /T VT 1 -
I3

Ny = x‘/l - (1 - %'_) ;2 (6.21)

N = Nre + .-ime

2
Dzl—(l—%)gz

. N
S("!Epéul) - D

The procedure given by Eq. (6.21) comes from Eq. (12.266).

Nre = =1 — X(n, &,1PVE — X(n,£,i)
Nim = X(n, §,i}§ + 1)

Nz Noo ot JNim (622)
D=¢&+Xnti)

N
Sming (1. &,1) = \/Eb“
The procedure given by Eq. (6.22) comes from Eq. (12.370).

sl
2Re (5)

Q) = (6.23)

b D) £+ Xn i)
mingl\t.§.1) = ——— ;

Equation {6.24) comes from Eq. (12.372).

(6.24)
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6.3.5 Discrimination Factor, Elliptic Rational Function, and
Characteristic Function

The essential functions for the elliptic approximation are L{n.£), R(n, £, x)}, and

K.(n & ¢, x):

nf2 .
(& - X0y
1
Lng) = = e
n(l — Xz(n,é,?, ‘t'))2
il (6.25)
(n—D/2
1 [T € - %m0
. i=l n odd
L(H}E) — En—z (h—1)/2 , n=13,.
[T (- X&)
i=l
The procedure given by Eq. (6.25) comes from Egs. (12.359) and (12.360).
nf2
[1(1 - X2, &,0)
i=] it even
=7 n=24,...
-
i X2(n, £,i)
nfz
[1G* - %28, 0)
i=1
Rin,&,x) = —
(n,§,x) rgﬁ( - %-2 )
i X2(n, &,1)
- 6.26
(n—-1)/2 (6:26)
[l 0-X@cz0n)
ro = i=1 n odd
u= (n—1/2 2 n=13,...
n 1 — &
i1 Xin, £, 1)
tn—1)/2
x |1 (# - X2, £.0)
1 i=1
Rn. &, x) = ro (n- 12 5
T )
1 ( X2(n, £,i)

The procedure given by Eq. (6.26) comes from Eqs. (12.141)12.144).
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K.(n, & ¢.x) =¢|R(n & x) (6.27)

6.3.6 Normalized Lowpass Elliptic Transfer Function

Our goal is to find the transfer function that meets a lowpass specification.

nf?
[ 156 6.0
. =1 A oEVED
$= 1+ €2 82 £2 n=24....
Exz(n.a i
Hfz ) EQ’
SUJP T XmED
j{(ﬂ,f,f,p) = s =
[17° - 2pRe (Stn.£.c.i) + IS(n. . €, D)
i=1
]_IIS(H,E,&!')IE
= -§n.§ e, )= s
T
E[ 2n, £, i)
n_l
: g2
g
H Xz(n )
S(n, &€, —) i=1
Hin ke p) =
a—1
[17° - 2pReS(n.£.€.i) + |S(n. £, €, D)
i=1
(6.28)

The procedure given by Eq. (6.28) comes from Eq. (13.196).
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nf2
[Txn&0)
= —— v
i1+
vE Lin,a)
ni?

5-2

l—!p T YD Xﬂ(n £ 1)
j{minQ(nsgaFﬁ p) =8 i

n/z
JVE
rh’+pgm@ms hte

n—1

s
nX n
i=l odd
8= —l EZ].S....
2 1+

{ L7 e e
ﬂminQ(ne E»"n €, p) =g

p+\/_rr—1

vE

e

l—lp +mel[1

(6.29)
The procedure given by Eq. (6.29) comes from Eqs. (12.373) and (12.374).

6.3.7 Selectivity Factor, Ripple Factor, and Edge Frequencies

We compute the boundary values of the design space from
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e~
[

)

9
N=1+2) (-1mg™
=1

(6.30)
5 1
D=1-2)¢"
m=1
1
"::mfn (n! J"(p- Ks) - —4
N
-6
D
The procedure given by Eq. (6.30) comes from Eq. (12.354).
Emax (H: Fy, s, K, Ks) =X F, K, (6.31)
FindRoot R{n,x, —) = —
fsffp=xall¥FsfFp FP KP
F;
1<« 'Emm < — < Epay < 0 (632)
Fy
(n. Fy, F Kp K) it (6.33)
€min \? 'y, gy Bp, Ry} = .
7 g L (1, Emax (1, Fp. Fs, K, K))
Emax (Kp) = Kp (634)
Fomin (0, Fpy Fs, Ky, K) i (6.35)
min ns b ' ' = .
a ! ' ? ' ‘Emax (ns Fpa FS!K‘D:K&)
F
Jp,max (ns £, K, K.r) = {6.36)

&min (ns Kpu Ks)
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gh = Emax (."I, Fps Fi Kpm KS)

1 Fy
x—) =K,

VL, x) Fp

§ = X| G dRoot K.(nx,
Find)

bR
y— <x by
Fp

= 1
1= % | EindRoot K. (n, &, o 1) = K,

i/E-c:,r-cJE_r \/L[n,f;';)

= Xl 11
Ju %ﬂi""éﬁ K.(n, &, m,x} = K,
Ke(n.x, ;s }') = hp
ming (12 Fpo B Kp Ko} = X | o VD
ol o B KD = 15550 | Kinr D) = K

6.4 DESIGN D1

1, Start from a specification and convert it into the characteristic-function-limit spec-
ification
34 = {Fpa Fy. Ap, Al ]

S5 = {Fp, Fs, 8p, 85}

Su = {Fp, Fs, Mp, My} 2 v— Sg = {F,, F;, K, K} (6.38)

S, = {F,, Fs. 81, 82}

S¢ = {Fp, F5. G, Gy} |

2. Compute the minimal order Amin = Aenip{ Fp, Fiy Ky, K-
3. Choose the order

! > Hupin (639)
4. Compute the selectivity factor
F
= — 6.40
P= (6:40)
5. Choose the ripple factor
e = K, (6.41)

6. Choose the actual passband edge
fo = Fp {6.42)
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7. Construct the normalized bowpass transfer function
Hn & € p) (6.43)
8. Construct the lowpass transfer function

Ho =H (n.’g‘,e, ﬁ) (6.44)

6.5 DESIGN D2

1. Start from a specification and convert it into the characteristic-function-limit spec-
ification

Sa = (Fp. Fso Ap, Ay}
Ss = {Fp, F5\ 8p, 84}
Su = {Fp, Fs, Mp, Mo} } V— Sg = {Fp, F5, Kp, K} (6.45)
Sy = {Fp, F5, 81,62}
S = {Fp, Fs, Gp, Gy} |

2. Compute the minimal order R = Reiip (Fp, Fs, Kp, K;).
3. Choose the order

1 2 Mmin (6.46)
4. Compute the selectivity factor
Fy
= — 6.47
§ 7, (6.47)
5. Compute the ripple factor
s (6.48)
£ = K
L{n,§)
6. Choose the actual passband edge
fo=F {6.49)

7. Construct the normalized lowpass transfer function
Hn§ € p) (6.50)

8. Construct the Jowpass transfer function

5
H(S) = .?{ (H.g,f, ﬁ) (651)
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6.6 DESIGN D3A

1. Start from a specification and contvert itinto the characteristic-function-limit spec-
ification
SA = [Fp: F?s Aﬂ? AS}

Sy = {F,, Fy. 5, 85)
Sy = {Fp, F My, M} | +— Sk = {F,. F,, K, Ky} (6.52)
S, = {F,, F,.8.5,)
S = {Fp, Fu. G, Gy) |

2. Compute the minimal order Amin = Ratip(Fp Fo, Kp. Ky).
3. Choose the order

2 > Huyin |653)
4. Compute the selectivity factor
E = b (n, Ky, Ky) (6.54)
5. Choose the ripple factor
£ = Kp {655)
6. Choose the actual passband edge
=k (6.56)
7. Construct the normalized lowpass transfer function
Hn, & e, p) (6.57)
8. Construct the lowpass transfer function
5
H(s) = .’i{(n,é,e, _ ) {6.58)
2nf,

6.7 DESIGN D3B

1, Start from a specification and convert it into the characteristic-function-limit spec-
ification
S4 = [Fps F, Ap= Ag}

S5 = {F,, Fy,8,,5,)
Sy = {Fpu Fy My, My} t — Sg = {F, B, K, Ky (6.59)
S, = {Fp, F,,01,8)
S¢ = {F,, F,, G, Gd)

2. Compute the minimal order nmn = Reanp{Fp, Fro Ky Ki)-
3. Choose the order

N = Mmin (6.60)



http ://vib.hit.edu.cn/vibbbs

294  Chap.6 Advanced Analog Filter Design Aigorithms

4. Compute the selectivity factor

E = Emin (1. Kp, Ks) (6.61)
5. Choose the nipple factor
e =K, (6.62)
6. Compute the actual passband edge
F
=5 (6.63)
7. Construct the normalized lowpass transfer function
Hn ke p) (6.64)
8. Construct the lowpass transfer function
$
His} = H (n,’g‘,e, E) (6.65)

6.8 DESIGN D4A

1. Start from a specification and convert it into the characteristic-function-limit spec-
ification
Sa = {F}Js F;, Apr A.s} ]

Sﬁ - {FP¢F3!‘5P|5.&}
Su = {Fp, Fs, My, Ms} ¢ v Sg = {Fp, 5, Kp, K} (6.66)
S;- = {Fps Fmﬁslsaz}

SG = {F}Jr Fss Gp! GJ]
2. Compute the minimal order nmpn = Raip(Fp, Fry Kp, K).
3, Choose the order

R > Hmin (6.67)
4. Compute the selectivity factor,
£ = Emax (1, Fp, Fy, Kpo K ) (6.68)
5. Choose the ripple factor
€ = K, (6.69)
6. Choose the actual passband edge
o =5 (6.70)
7. Construct the normalized lowpass transfer function
Hn k¢ p) (6.71)
8. Construct the lowpass transfer function
HGs) = H (n,’g,e. 5;75};) (6.72)
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6.9 DESIGN D4B

1. Start from a specification and convert it into the characteristic-function-iimit spec-
ification
SA = {Fp7 'F.‘S': Aps AE‘}

Ss = {Fp, Fe.8,, 8,)
Sy = {Fp Fu My, My} t > Sg = (Fy, F. K, Ky (6.73)
Sy = {Fp. K., 81, 681)
S¢ = {Fp F;,Gp, Gy}

2. Compute the minimal order ann = Aeyip{ £, Fy Ky, KJ).
3. Choose the order

n = Huin {6.74)
4. Compute the maximal selectivity factor
§ = &max (”: Fo Fy, Ky, K.S‘) (6.75)
5, Compute the ripple factor
Ky
€ = (6.76)
L{n &)
6. Compute the actnal passband edge
Fs
fo = — (6.77)
§
7. Construct the normalized lowpass transfer function
:H’_(H! gs Es PJ (6*78)
8. Construct the lowpass transfer function
H(s) = }f(n,.s,e, —~L) (6.79)
21 fp

6.10 DESIGN D3

1. Start from a specification and convert it into the characteristic-function-limit spee-
ification
Sa = [Fps £, Ap: AS'}

Ss = {Fp, Fs, 8p, 55)

St = (Ep Foy My, My} b > Sg = (F,, Fo Ko Ko (6.80)

S = (Fp, Fy, 61, &}

S¢ = [Fn, F,, Gp, Gsf

2. Compute the minimal ordet ., g (Fy, Fi. K, X,,)




http ://vib.hit.edu.cn/vibbbs

296 Chap.6 Advanced Analog Filter Design Aigorithms

3. Choose the order
no= Foin g (F_us Fs-r Kps K\) (681)

4. Compute the maximal selectivity factor
£ = Eniao (n. Fpo Fy K, K (6.82)
and normalized frequency
fro (. Fp, Fou Ky K} (6.83)

5. Compuie the ripple factor

1
€ = (6.84)
VL)
6. Compute the actual passband edge
£

fp = . (6.85)
g an(."I,f‘P, F:rstsKs)

7. Construct the normalized lowpass transfer function
Hn. & € p) (6.86)

8. Construct the lowpass transfer function

5
= i 6.87
H(s) H(n,g,e, znfp) (6.87)

Summary of design parameters:

Minin 3 € fP
F
D1 Roifip e Kp Fp
P
F, K
D2 ng = ' F
P ) Lin.€) ’
D3a Rellip Enmin (”r K,rn KS) KP FP
i
D3b Meliip Emin (nu Kps Ks) Kp ?
D4a felhip Emax (ns va K, Kpu Ks) K, K,
K, F;
Db narip  Emax (n, Fp, Fs, Kp. Ki) Ln, &) B
D5 Eming (1, Fpy By, K ) L e
Hm.n il] H! 1 LR * &
¢ miin 7 P \/L(H,E) an (Ha F:m Fr:Kp:K.i)

(6.88)
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6.11 TIME RESPONSE AND FREQUENCY RESPONSE
From the known transfer function, H(s), wg compute the step response

/|
ho(t) = £ (;H(s)) (6.89)

and the impulse response
h(t) = L7V H{s) (6.90)

The frequency response can be found as follows: the magnitude response

M{(w) = {H{jw)| (6.91)
the phase response
Dlw) = arg(H(Jw)) (6.92)
the group delay
dd{w) )
Tepiw) = — (6.93)
dew
the gain in dB
G(w) = 20logy, [H{jw)| (6.94)
the attenuation in dB
Alm) = =20log,, |H(jw)| {6.95)

6.12 HIGHPASS FILTER

A highpass filter can be specified by its edge frequencies and attennation limits S.;:
Fp;, designates the passband edge frequency (Hz), Fy, is the stopband edge frequency
{(Hz), F» < Fpy. the passband attenuation (dB) is designated by A, and Ay stands
for the stopband attennation (dB).

First, we map the highpass filter specification, $4s, into the lowpass filter specifi-

cation, S4,
Fp = Fxh
Fs = th
San = {Fns Fop, App, Ay} V= S4 = + (6.96)
Ap = Aps
As - Ash

Next, we construct the normalized lowpass transfer function,  (n. £. €. p). that
meets the specification §4 according to the design procedures D1, D2, D3a. D3b, D4a.
Ddb. and D35,
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Finally, the transfer function, Hy p(s), of the highpass filter is constructed from
the normalized lowpass transfer function according to the transformation:

Design ~ Step 6 Step 7
2
D1 fr = Fa p = Sfp
2
D2 fr = Fp p = _S_fp
2
D3a fr = Fp p= TJ}
: 2m 6.97
D3b .fp = -F:fh ‘i,:miﬂ (H, Kpr K,}) p= Tf:u ( )
D4a fo = Fu p = 2nfy
2nF,
Db fp = Fo Emux (n, Fp, Ec,Kp,K_;} r= i
B
2n
DS fszpkan(n,Fp,Fj,Kp.KJ) p:—;&
which yields
27
HHP{S) = J{ (n! g! €, Tj;?) (6.98)

6.13 BANDPASS FILTER

A bandpass filter can be specified by its edge frequencies and attenuation limits S 43; F, sl
and F,; designate the passband edge frequencies (Hz), F,; and F;; are the stopband
edge frequencies (Hz), Fy; < F,1 < Fp2 < Fy, the passband attenuation (dB) is
designated by Ay, and A, and A,z stand for the stopband attenuations (dB). We
assuime that the specification satisfies

Fplez = Fufp (699)
First, we map the bandpass filter specification, S44, into the lowpass filter specifi-
cation, §4,
[ Fp = Fn
Fp — F,
F, = F 2
Sap = [Fsl: Fpla sz-, Fy, Aq, Apb- ASZ] — Sy = FPZ - Fp]
Ay = A
A.s = max(A,l, Ajz)

(6.100)

Next, we construct the normalized lowpass transfer function, 3 (n, £, €, p), that
meets the specification S4 according to the design procedures D1, D2, D3a, D3b, D4a,

D4b, and D5.
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Finally, the transfer function, Hgzp (s}, of the bandpass filter is constructed from
the normalized lowpass transfer function according to the transformation:

—
Design

D1
D2

D3a

D3b

D4a

D4b

D3

Step 6

fp

Jo

fp -

Step 7
2 2
Fo—F _
- n P 2 fys
2 2
52+ 4n2F, Fyp
Im fpy
Fp? - Fpl P = -
2m fps
£y
—~(Fp — Fp1)
FP ! ? p = 52 + 47[2Fple2 (&101]
’G-min (n: Kp: K.!‘) ZJTfp.S'
2 25
s+ AncF, F
Fpp — F - p1p
7 " P 27 fps
5 (F, Fo)
Fp 72 Pl §2 n 4l Fpl sz
p =
‘fmax(n:FpanKp-, Ks] erfps
Fra — Fp b 52+ 4t Fy
-f"Q (H. FP* FS*K;J' K';) 23Tfp5

which yields

Hgp(s) = .’f'{(ﬁ',f,&

(6.102)

5° -+ 4JT2FP[FP2)
27 fp8

This type of bandpass filter is said to be the symmetrical bandpass filter.

6.14 BANDREJECT FILTER

A bandreject filter can be specified by its edge frequencies and attenuation limits Su,;
F1 and Fy; designate the passband edge frequencies (Hz), Fy and Fy; are the stopband
edge frequencies (Hz), F, < F;1 < F,3 < Fj, the stopband attenuation (dB) is
designated by Ay, and A,1 and Ap; stand for the passband attenuations (dB). We
assume that the specification sansfies
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First, we map the bandreject filter specification, §4,, into the lowpass filter speci-

fication, §4,
=k
2 l
F, = F)‘)]H
Sar = {Fp.l!F‘FlaFSZ! Fp?: API:A.TJ‘:APE} > Sq = 4 C T2 T
A, = min{A,, A0}
As = Asr

{6.104)
Next, we construct the normalized lowpass transfer function, H (r. £, €, p), that
meets the specification S, according to the design procedures D1, B2, D3a, D3b, D4a,
D4b, and D3,
Finally, the transfer {unction, Hyg{s), of the bandreject filter is constructed from
the normalized lowpass transfer function according to the transformation:

Design  Step 6 . Step 7
D1 fr=Fo—Fy P= +24;:£,;1F52
D2 b= Fa— Fy P g +2£IJ;PFS}1E2
D3a  f, = Fp— Fy P=0 fiﬁ;ﬂ F,,
D3b = %(ﬂz — F1) i (n, K, K) P=73 +244T;};p;51F52
Dia [, = Fo — Fy P =3 +24]:r£p;;1ﬂ2
D4 f, = %(Fﬂ = Fa) §mn (1, Fp, Fy Ky, Ks) - p = 52 +241€p;51ﬂz
D5 fr = (Fa = Fa) fag {n, Fp s, K, Ko) P=g +24T;r};p;nﬂz
{6.105)
which yields
Han(s) = 9 (,,, e Sz_ﬁiﬁm_;lh) (6.106)

This type of bandreject filter is said to be the symmetrical bandreject filter.

6.15 CONCLUDING REMARKS
We can improve the computational efficiency by using the closed-form expressions. We
prefer to exploit analytical formulas involving simple algebraic manipulation, instead
of using expressions in which Jacobi elliptic functions appear.



