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CHAPTER 2

SYSTEMS

40

In Chapter 1, we defined a signal as a “physical quantity, or quality, which conveys
information.” For this book, a key mathematical representation of a signal is as a
function of a single vanable we call time. A system takes one or more signals as input,
performs operations on the signals, and produces one or more signals as output. So, the
input 1s the stimnlus or excitation applied to a system from an external source, usually
in order to produce a specified response. The output is the actual response obtained
from a system. In anr algebraic framework, we can represent a system as an operator
that maps input signals onto output signals [8].

We have already talked about sampling and quantizing continuous-time signals
into digital signals in Chapter 1. In practice, this conversion is accomplished by an
analog-to-digital (A/D) converter. An ideal representation of an A/D conversion sys-
tem is as a cascade of a lowpass filter, a sampling device, and a quantizer. The lowpass
filter will ideally pass components of continuous-time signals that are below a specific
frequency and reject those above the specific frequency. Lowpass filtering is necessary
for guaranteeing that we can choose a sampling period 7 (or equivalently a sampling

1 - . :
rate fp = ;) that satisfies the Sampling Theorem.

An A/D converter is an example of a dictionary definition of a system as “a group
of related parts waorking together, or an ordered set of ideas, methods, or ways of
working” [9]. From an implementation point-of-view, a system is an arrangement of
physical components connected or related in such a manner as to form and/or act as
an entire unit. From a signal processing perspective, a system can be viewed as any
process that results in the transformation of signals, in which systems act on signals in
prescribed ways [10, 11].
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[n this book, wc defing a system as a mapping of ¥ input signals onto M out-
put signals. The mapping carries out a transformation on the input signals according
to a set of rules. The rest of this chapter presents basic definitions and background
mathematics that will be used in the remainder of this book. Since many readers will
already be [amiliar with this matcrial, we shall aim to be logically consistent rather than
mathematically rigorous.

2.1 BASIC DEFINITIONS

A system 1s said to be a single-variable system if 1t has ouly one input and only one
output. A system is said to be a multivariable system if it has more than one input
or more than one output. An equation that describes the relation between the input
and the output of a system is called the input-output relationship, also known as the
external description or the input-output description, of the system. In developing this
relationship, we assume that the knowledge of the internal structure of a system is
unavailable to us. Instead, the only access to the system is by means of the input ports
and the cutput ports. Under this assumption, a system may be considered as a “black
box.” We apply inputs to a black box, measure their corresponding outputs, and then
try to abstract key properties of the system from these input-output pairs [12].
We represent the input-output relation of a sysiem using the nofation

X — ¥

or
R
X —=> ¥

where R is an operator—a rule, formula, or set of formulas for transforming a signal x
into a signal v. Seme authors put braces around the signal designation to indicate that
there are, in general, several input signals and several cutput signals

) = il

or explicitly specify the input and the output

R
(1, Xz, -0 XN) = (¥, Y2000 PM)

This notation assumes that the output is excited solely and uniquely by the input. 1t 1s
also legitimate to write y = R(x), where R is some operator or function that specifies
uniquely the output y in terms of the input x of the system. Other authors prefer to
define a system as an interconnected collection of abstract objects, defined by relations
of input—output pairs rather than by operators or functions {13].

Although systeins of prime concern are those required for processing a signal that
is a function of the single independent variable time, f, it should be appreciated that
the independent variable in many applications need not be time. When more than one
independent variable is involved, the system is multidimensional. For example, in a
video processing systems, we have two spatial variables for each frame of video and
a discrete-time variable to index the frames. For now, we focus on one-dimensional

systems,
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Figure 2.1 Continuous-time system.

The time response of a systemis the output signal{s) as a function of time, following
the application of a set of prescribed input signals, under specified operating conditions.
In a continuous-time system {Fig, 2.1), the input and output signals are continuous-
time. A discrete-time system (Fig. 2.2) bas discrete-time input and output signals, A
hybrid-time system (Fig. 2.3) is one in which both continuous-time and discrete-time
signals appear at the inputs and outputs. An A/D converter is an example of a hybrid
system: The input is continuous-time, but the output is discrete-time, Therefore, a
continuous-time sysiem is one in which continuous-time wnput signals are transformed
into continuous-time output signals, and a discrete-time system is one that transforms
discrete-time input signals into discrete-time outpud signals. A coninuous-time system
1s symbolically represented as x(¢) — y{r), and a discrete-time system is represented
as x(k) = y(k) or x; — y;, where & stands for the integer sample number.

A discrete-time system is digétal if if operates on discrete-time signals whose am-
plitudes are quantized. Quantization maps each continuous amplitude level into a
number. The digital system employs digital hardware either (a) explicitly in the form o
the usual collection of logic circuits or {b} implicitly when the operations on the signals
are executed by writing a computer program [14].

A lumped system is one that can be decomposed into a finite number of compo-
nents, each with a finite number of inputs and outputs, and such that the values of the
outputs at every time are functions of the inputs, their derivatives, and their integrals,
at the same instant of time. Since the velocity of light and velocity of sound are finite,
all physical abjects with inputs and outpuis at different places are not jumped. Never-
theless, the lumped system can provide a good approximation for a physical system.

The quantity that is responsible for activating the system to produce the output
is called the control action. An open-loop system is one in which the control action is
independent of the output. A closed-loop system is one in which the control action

input output

discrete-time

O—r— system

Figure 2.2 Discrete-time system.
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Figure 2.3 Hybrid-time system.

is dependent on the ontput. Closed-loop systems are commonly called feedback sys-
tems. Feedback 1s that property of a closed-loop system which permits the output to
be compared with the input to the system so that the appropriate control action may
be formed as some function of the output and input. A control system is one that
commands, directs, or regulates itself or another system.

In many cases, we are presented with a specific system and are interested in char-
acterizing it in detail to understand how it will respond to various inputs. In another
context, our interest may be focused on the problem of designing sysiems to pro-
cess signals in particular way. Analysis of a system is investigation of the properties
and the behavior (response) of an existing system. Design of a system js the choice
and arrangement of systems components to perform a specific task. Design by anal-
ysis is accomplished by modifying the characteristics of an existing system. Design
by synthesis means that we define the form of the system directly from its specifica-
tions.

In order to analyze, design, and evaluate a system, the description of its compo-
nents and their interconnections must be put into a suitable form. A mathematical
or graphical representation of a system is called the model. The model resembles the
system in its salient features but is easier to study. Some authors refer to models of
physical systems as systems. Therefore, a physical system is a device or a collection of
devices existing in the real world, and a system is a model of a physical system [12].

A mathematical model is a set of mathematical relations representing the system.
These relations may assume many forms, including linear equations, nonlinear equa-
tions, integral equations, differential equations, and difference equations. The sotution
of these equations represents the system’s behavior. Often, this solution is difficult,
if not impossible, to find, and certain simplifying assumptions must be made in the
mathematical description. Frequently, these approximations and simplifications iead
to systems describable by linear ordinary differential equations or difference equa-
tions,
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2.2 BLOCK DIAGRAMS

A Bock diagram is a shorthand, pictorial representation of the causc and effect rela-
tionship between the input and output of a system. It provides a convenient and useful
method for characterizing the functional relationships among the various components
of a system. Block diagrams are representations of either (a) the schematic diagram of
a physical system or (b) the set of mathematical equations characterizing its parts. The
simplest form of the block diagram is the single block, with one mput and one output
(Fig. 2.4). The interior of the rectangle representing the block usually contains (2) the
name of the component, (b) a description of the component, or (¢) the symbol for the
mathematical operation to be performed on the input to yield the output. The arrows
represent the direction of unilateral information or signal flow. The standard symbaols
used to represent various types of blocks are shown in Fig. 2.5.

The operations of addition and subtraction are represented by a circle, called a
summing point, with the appropriate plus or minus sign associated with the arrows
entering the circle (Fig. 2.6). The output is the algebraic sum of the inputs. Any number
of inputs may enter a summing point. Some authors put the plus sign “+” or the Greek
letter “ 2™ m the circle.

In order to employ the same signal or variable as an input to more than one block
or summing point, a tekeoff point is used, as shown in Fig. 2.7. This permits the signal
to proceed unaltered along several different paths to several destinations. A block
with &N inputs and M outputs is represented by a rectangle as shown in Fig. 2.8. The
blocks representing the various components of a system are connected in a fashion which
characterizes their functional relationship within the system. The arrows connecting one
block with another represent the direction of flow of signals or information. In general,
a block diagram consists of a specific configuration of four types of elements: blocks,
summing points, takeoff points, and arrows representing unidirectional signal flow.

BLOCK

input output
element p—3>—-o

Figere 2.4 Single block with one
input and one output.

Delay Gain Differentiate

AR ke ﬂ.|“f wdr |2
(a) (b) ©

Figure 2.5 Various blocks: (a) Deiay,
y(t) = x(f — T), some authors put the
amount of delay T in the box, (b) Gain,
multiplier by constant, or amplifier,

y = gx, (c) Differentiate with respect to
time, y = dx/dt.
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Basically, two blocks may be connected in cascade (Fig. 2.9), in parallel (Fig. 2.10),
orinfeedback (Fig. 2.11). We combine cascade, parallel. and feedback interconnections
to obtain more complicated interconnections. Next, we can use these interconnections

to construct new systems or models out of existing ones.

input

, N ETY-2
input i + > output
N

e
i

input
Figure 2.6 Summing point—
representation of addition
and subtraction.

B S W
X ——e—r X

£ X —e—

Figure 2.7 Takeoff point
in a block diagram.

BLOCK
xl —p] —e— yi
T = ¥
Xy —= *— ¥
XN —— = yM'

Figure 2.8 An N-input,
M -output block.

—>— block | block 2 b——

Figure 2.9 Blocks connected in cascade,

block 1 .

ey e

+

* block 2

Figure 2.10 Blocks connected in parallel.
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/—D block 1

I+

biock 2

Figure 2.11 Blocks connected in fecdback.
‘The plus sign refers to a positive feedback,
and the minus sign refers to a negative feedback.

2.3 SYSTEM PROPERTIES
2.3.1 State and Relaxed Systems

For most systems of interest, the output at time ¢y depends not only on the input applicd
at 1, but also on the input applied before and after f,. If an input x (1), 7 > 1y, is applied
to a system, unless we know the input applied before ry, the output v(¢), ¢ > #, Is
generally not uniquely determinable. For different inputs applied before ¢y, we will
obtain different output y{t), t > 1, although the same input x{z). t > 1y, is applied.
Hence, in developing the input—output description, before aninput is applied, the system
must be assumed to be relaxed or at rest, and that the output is excited solely and uniguely
by the input applied. This definition is general and it is valid for an arbitrary system,
continuous-time, discrete-time, and so on, If the concept of energy is applicable to a
system, the system 1s said to be relaxed at time ¢ if no energy is stored in the system at
that instant. A system is said to be relaxed at time 19 if the output y(t),r > #, is solely
and uniquely excited by the input x(z) defined for ¢ > #j.

We shall assume that every system is relaxed at time —oo. We shall call a system
that is initially relaxed at —oo an initially relaxed system, or a relaxed system, for short.
In this section, whenever we falk about the input-output pairs of a system, we mean
only those input—output pairs derived or formulated under relaxed system assumptions.

The input-output description of a system is applicable only when the system is
initially relaxed. If a system is not initially relaxed, say at time ¢, then it depends also
on the set of initial conditions at 1y, which we call the stare. The state is the information
that, together with the input, determines unigmnely the output. The state of a system at
time #; is the minimum amount of information needed about the system at time f#;, In
addition to the system diagram (or system equations) and the system inputs between &,
and!, > &,sothatalloutputsatanytime t; canbe determined. The set of equations that
describes the unique relations between the input, output, and state is called a dynamical
equation.

If we can estimate the state of a system from its output, in a finite time interval, the
system is said to be observable. To be more precise, a system 1s observable at #, if for
any state at time 1, there exists a finite 7| > 1y such that the knowledge of the input and
the output over the time interval 1y < ¢ < 1 suffices to determine the state. If we can
steer the state of a system from the input, in a finite time interval, the system is referred
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to as controlluble. We can find inpuis capable of moving any state of a controllable
syslem to any other state in a fintte time. Furthermore, there is no constraint imposed
on the input—its magnitude can be as large as desired.

2.3.2 Causality and Realizable Systems

A system in which time 1s the independent variable is called causaf if the output depends
only on the present and past values of the input. If y(¢) is the output. then v(r) depends
only on the input x(7) for values of v < r. Such a system is often referred to as being
nonanticipative. because the system output does not anticipate future values of the
input,

Causal systems are important. but they are not the only systems that are of practical
significance. Causality is not of fundamental importance in

s applications, such as image processing, in which the independent variable is not
time;

o processing rccorded data for which time is the independent variable, as often
happens with speech; and

e many applications, sich as in stock market analysis and demographic studies, when
we want to determine a slowly varying trend in data, and when we average data
over an interval to smooth out the fluctuations and keep only the trend.

Finally, noncausal systems may arise in the coursc of analysis, when decomposing or
recombining causal systems. Causal systems are sometimes called physically realizable
systems.

2.3.3 Stability

The stability of a system is determined by its response to inputs or disturbances. Intu-
itively, a stable system is one that will remain at rest unless excited by an external source
and will return to rest if all excitations are removed. The definition of a stable system
can be based upon the response of the system to bounded inputs. Bounded inputs have
magnitudes that are less than some finite value for all time. A relaxed system is said to
be bounded-input bounded-output {BIBQ) stable if every bounded input produces a
bounded output. The stability that is defined in terms of the input-output description is
applicable only to relaxed systems. This stability is referred to as the input—output sta-
bility. A zero-input system is said to be asymptotically stable if the response approaches
zero asympioticaily as time ¢ approaches infinity. If the response remains bounded for
t > fy, we speak about the bounded stability. There are several methods {criteria) for
determining system stability: Routh, Hurwitz, Liénard—Chipart, Nyquist, Lyapunov,
and 50 on.

Consideration of the stability of a system provides valuable information about its
behavior and is an important issue in system design. Often, it is desirable to determine
a range of values of a particular system parametcr for which the system is stable. The
concept of stability is extremely important, because almost every workable system is
designed to be stable. If a system is not stable, it is usually of no use in practice.
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2.3.4 Time invariance

A relaxed system is fime-invariant, also known as fixed or stationary, if a time shift in
the input signal causes a time shift in the output signal. Therefore, if an input x(r)
produces an output yit), then an input x(r — 1y) produces an output y{r — ). In other
words, no matter at what time an input is applied to a time-invariant relaxed system,
the waveform of the output is the same. We can also say that a (relaxed) system is time-
invariant if delaying the input by #y seconds merely delays the response by ) seconds.
A r1elaxed discrete-time system is said to be time-invariant if a shifted mput x(k — k)
produces a shifted output y(k — kg). In the case of discrete-time digital systems, we
often use the term shift-invariant instead of time-invariant. The characteristics and
parameters of a time-invariant system do not change with time. A relaxed system that

is not time-invariant is said to be rime-varying.

2.3.5 Linearity and Superposition

Comnsider arelaxed system in which there is one independent variable . A linear system
15 a sysiem which has the property that if:

(a) an inpul x;(f) produces an output y; (¢} and
(b) an input x;{t) produces an output y,(¢), then

() an input c1x,() + cax2(t) produces an output c;y;(#) + c2y2(t) for all pairs of
inputs x1{¢) and xz(¢) and all pairs of constants ¢; and ¢;.

Otherwise the (relaxed) system is nonlinear. This is the concept of zero-state linearity.
The concept of linearity can be represented by the princtple of superposition.

Theorem 2.1 Principle of Superposition: The response y(r) of a linear system due
to several inputs x1{t), x2(#), . .., xy (1) acting simultaneously is equal to the sum of the
responses of each input acting alone, that 1s, if y;(f) is the response due to the inpul

x;(r), then y(r) = TN, yi(6).

The principle of superposition follows directly from the definition of linearity. Any
system which satisfies the principle of superposition is linear.

In the engineering literature, linearity is often defined in terms of the following
WO properties:
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1. Property of additivity. If an input x;(s) produces an output y|(¢), and an input
x(1) produces an output y;(¢), then an input x1{¢) + x;(¢) produces an output
yi(t) + ya(t) for all pairs of inputs x; (f) and xa(f).

2. Property of homogeneity. If aninput x{t) produces an output y(¢), then an input
a x(¢) produces an output a y(¢) for any input x(¢) and any constant 4.

The property of homageneity does not imply the property of additivity and vice versa.

Linear systems can often be represented by linear differential equations or differ-
ence equations. Also, any continuous-time system is linear if its input-output relation-
ship can be described by the ordinary linear differential equation

2 dy o d*x
i(1)— = bi(t)—— 2.1
g“(”aﬂ g UE (2.1)

where y = y(t) is the system output and x = x(t} is the system input. The cocfficients
a; (1) and b (1) depend only upon the independent variable ¢ (e.g., time).

Initially relaxed linear systems possess the following property: Zero input yields
zero output, An incrementally linear system is one that responds linearly to changes in
the input; that is, the difference in the response to any two inputs is a linear function of
the difference between the two inputs. Many of the characteristics of such systems can
be analyzed using the techniques developed for linear systems. In reality, no physical
system can be descrbed exactly by a linear differential or difference equation. Many
systems, however, can be represented over a limited operating range, or approximated

by such equations.

2.3.6 Memoryless Systems

A system is said to be memoryless, also known as zero-memory or instantaneous, if its
output for each valve of the independent variable is dependent only on the input at
that same time. The simplest memoryless system is the identity system, whose output
is identical to its input. The input-output relationship for the continuous-time identity
systemis y(f) = x(¢), and the corresponding relationship in discrete timeis y(k) = x (k).
All memoryless systems are causal.

2.3.7 Sensitivity

A first step in the analysis or design of a system is the generation of models for the var-
ious elements in the system. The system characteristics are fixed when a finite number
of constant parameters have been chosen. The values given to these parameters are
called the nominal values, and the corresponding characteristics are called the nominal
characteristics. The accuracy of the model depends on how closely these nominal param-
eter values approximate the actual parameter values, and how much these parameters
deviate from the nominal values during the course of system operation.

The sensitivity of a system can be defined as a measure of the amount by which a
system characteristic differs from its nominal value when one of its parameters differs
from the number chosen as its nominal value. Consider a characteristic C that depends
on a parameter p; that is, the mathematical model of the characteristic is C = C{p).
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Usually. p is a real or complex quantity representing some identifiable parameter of
the systcm, The sensitivity of C(p) with respect to the parameter p is defined by

dC(p)/C(p) dC(p) p  dInCip)

s = = = (2.2)
¢ dp/p dp Cip) dlnp
where p isregarded as a variable; Sg{m is called the single-parameter relative sensitivity.
The relative change of C due (o the variation of N parameters, py, pa, ..., py.isgiven
by
N
AC — _~ Apy
—— =y gtz 2.3
c Z e (23)
I we define the variation of a function C due to a relative change in a parameter
p by
. dp
¢ ¢
Vp = Sp T (24)
r
then the worst-case variation follows as
N
c c
Wo = Z [Vp, (2.3)
=1
Another useful figure-of-merit is the so-called Schoeffler criterion, or the sum-of-syuares
sensitivity:
N 2
C _ c
= Z [VP:' (26)
i=l1
In some cases it is useful to define the semirelative sensitivity
c _ C
HE = C(p) S 2.7)

In general, the sensitivity is a complex number [15].

2.3.8 Optimal and Adaptive Systems

The basic goal of system design is mecting performance specifications, Performance
specifications are the constraints put on mathematical functions describing system char-
acteristics. They may be stated in any number of ways. The desired {or prescribed}
system characteristics specify important properties of the system: speed of response,
stability, system accuracy, allowable error, sensitivity, and so on. Satisfactory perfor-
mance is determined by the application and the characteristics of the particular system.

The system measure of performance is called performance index. In more general
designs, it is not specified. Instead, the system components, their interconnections,
and the parameter values are chosen so that the performance index is maximized or
minimized. The systems designed in this way are called eptimal systems.

In many problems, the performance index is a measure or function of the error be-
tween the actual and ideal (or desired) responses. It is formulated in terms of the design
parameters chosen, subject to existing physical constraints, to optimize the performance
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index. The measures of system performance are esseatially criteria of optimality, and
systems are designed raking them into account,

In some systems, certain parameters are either not constant or vary in an unknown
manner. It may be desirable to design for the capability of continuously measuring them
and changing the system so that the system pertormance criteria are always satisfied.
Systems designed with these objectives arc called adaprive systems.

Adaptive systems are an important issue in channel equalization, which is the
recovery of a signal distorted in transmission through a communication channel with
a nonflat magnitude or a nonlinear phase response. When the channel response is
unknown, the process of signal recovery is called blind equalization.

2.3.9 Invertibility

A system is said to be invertible if distinct inputs lead to distinct outputs. By observing
its output we can determine its input. An inverse system of a given system is one which,
when cascaded with the given system, yields an output equal to the input: thatis, if x(¢)
is an input to the cascaded interconnection, ifs output will be y(t) = x(r).

2.4 LINEAR TIME-INVARIANT SYSTEMS

When a system is both linear and time-invariant, it is called a finear time-invariant (LTI)
system, and it is amenable to analysis using many techniques. A lumped continuous-
time system is linear time-invariant if its input—output relationship can be described by
the ordinary linear counstant coefficient differential equation

Za;ﬁ - bkd—f (2.8)
i={} d k=) d

where y = y{t) is the system output, and x = x(r) is the system input. The coefficients
a; and by donot depend on the independent variable ¢ (time). Ifthe equation describes
a physical system, then generally m < n, and » 18 called the order of the system.

A lumped discrete-time system is linear time-invariant if its input-output rela-
tionship can be described by means of a linear constant coefficients difference equation

n

Y aiy(v —i) = Zbkx{v — k) 29

i=0 k=0

where the notation ¥(v) means that the value of the scquence y at the vth sample.
Some authors prefer to write (2.9) in the form

R m
Yoy + Zﬁf Yiymiy = Zbk X(u-k) (2.10)
i=1 k=0

The parameter » is called the order of the difference equation. Discrete-time systems
described by (2.10) are known as recursive systems, becaunse the output depends on the
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previous values of the output as well as on the input. Another class of discrete systems
is described by

Ym = Zbk X(u—k) (2.11)
k={]

and is known as nonrecursive, because the previous values of the output do not appear.

Differential and difference equations have broad application in the description of
physical laws and are useful for relating rates of change of variables and other param-
eters of a system or its components. In actuality, LTI systems do not exist. All physical
systems are nonlinear to some extent. Fortunately, a large percentage of systems can
be represented by LTT models over a limited operating range. Many systems always
operate within this linear range. Other systems exceed the limits of linear operation,
but may be approximated by LTI systems.

2.4.1 The Differential Operator

Differential equations can be presented more compactly by intreducing a differential

operator
d
D=-—
dt
an ith-order differential operator
p=S
T de

and more generally a polynomial differential operaror (PDO)
AD) =) oD’
=

The differential equation (2.8) can be written as
AD)y(n) = BD)x()

where A{D) maps the function y(r) into the expression Zf=0 aD'y(),and B(D) x(r)
represents the expression ¥ ;. b Dfx(1).
The polynomial in complex variable s

n
Afs) = Za;s‘" =a" a4 as ta

i=

is called the characteristic polynomial. The equation A(s) = (iscalled the characieristic
equation. From the definition of polynomial differential operators it {ollows:

AD) (K y(@)) = (K A(D)) y{t)
AD) (yi(r) £ 320)) = AD) yi(1) £ AD) y2(0)
AD) (D) y(1)) = (A1(D) A2(D)) y(1) = Ax(D) (4D} y(1))
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where K is a constant., v(t), vi(¢), and v2(¢) are functions of ¢, and A(D), A,(D), and
A;(D) are polvnomial differential operators, Addition, A;(D) + A;(D). subtraction,
A (D) —A;(D). and multiplication, A1{D) A,(D), are performed following the rules for
the corresponding operations defined for algebraic polynomials in complex variabies,
Division A1{ID)/A2(D) is not defined.

2.4,2 Response of Continuous-Time LTI Systemns

Polynomial differential operators arc important in analysis of continuous-time linear
systems. If a system is specified by its block diagram, we can use polynomial differential
operators to simplify derivation of the system input-output description. To specify the
problem completcly so that the unique selution y(¢) can be obtained for a known time
function x(t) and the coefficients ¢; and by, we must specify (1) the interval of time
over which a solution is desired and (2) a set of # initial conditions for y(r} and its first
r — 1 derivatives. In many cascs the time interval is defined by 0 < ¢ < +o¢ and the

set of conditions is

(0) dy drly
yiu),
' dt

.....

t=[)

=0

'The response of a continuous-time LTT system—that is, the solution y(f)—can be di-
vided into two parts, namely, a free response and a forced response. The sum of two
responses constituies the total response.

The free response of an LTI system, yp(t),1s the solution of the differential equation
when the input x(¢) is identically zero. The free response depends only on the » initial
conditions; some authors call it the zero-input response. The forced response of an
LTT system, vy, (1), 15 the solution of the differential equation when all initial conditions
are identically zero; some authors call it the zero-state response. The forced response
depends only on the input x(f). The tofal response of an LTI system is the sum of the
free response and the forced response, y(¢} = yy(t) -+ y,(¢). The total response can
be viewed, also, as the sum of the steady-state response and transient response, These
terms are often used for specifying system performance. The steady-state response of
an LTI system is that part of the total response which does not approach zero as time
approaches infinity, The transient response is that part of the total response which
approaches zero as time goes to infinity.

The general procedure for analyzing a system is as follows:

1. Determine the equations for each system component.

2. Choose a model for representing the system {e.g., block diagram).

3. Formulate the systcm model by appropriately connected the components.
4, Determune the system characteristics.

The direct solution of the system differential equation may be employed to find the total
response or its parts, as well as the steady-state response and the transient response.
In the study of systems and differential equations which describe them, a particular
family of functions (signals), the singulariry functions, 1sused. These functions represent
idealizations of physical phenomena and allow us to obtain simple representations of
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signals and systems. Assuming that signals described by singularity functions excite a
system, we define the following special responses:

o Unit step response is the output of an LTI system to a unit step input when all
initial conditions are zero.

o Unit ramp response is the output of an LTI system to a unit ramp input when all
initial conditions are zero.

o Unit impulse response is the output of an LTI system to a unit impulse input when
all initial conditions are zero.

If we know the unit impulse response, y(£) = y;(¢), of aninitiaily relaxed causal CTLTI
system, then the forced response, y,(t), of the system, when the input is 2 known time
function x(t), can be written in terms of the convolution integral:

yolt) = f ysit — D) x(D)dr

o0

This formula directly follows from the principle of superposition and the sifting property
of the unit impulse function.

2.4.3 Transient System Specifications

In many cases the desired, or prescribed, system characteristics are specified in terms
of time response. Time-domain specifications are customarily defined in terms of unit
step function. Typical transient performance specifications are:

1. Overshoot—the maximum difference between the transient and steady-state re-
sponse for a unit step function input (Fig. 2.12).

2. Delay time—the time required for the response to a unit step function input to
reach 50% of its final value (Fig. 2.13).

3. Rise time—the time required for the response to a unit step function input to rise
from 10% to 90% of its final value (Fig. 2.13).

4. Settling time—the time required for the response to a unit step function input to
reach and remain within a specified percentage (frequently 2% or 5%) of its final

value (Fig. 2.12).
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Figure 2.12 Overshoot and settling time.
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Figure 2.13 Rise time and delay time.

2.4.4 The Shifting Operator for Difference Equations

Difference equations can be prescnted more compactly by introducing a shifting oper-

ator
Qx(v) = x{(v+ 1)

an ith-order shifting operator
Q'x(v) = x(v + )

and more generally a polynomial shifting operator

AQ) =) aQ
=0
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The difference equation (2.9) can be written as
A(Q) y(v) = BIQ) x(v)

where A(Q) maps thesequence y(v) into theexpression ¥ +_, 4;Q~" y(v),and B(Q)x(v)
represents the expression 35, B Q™ x(v).
The polynomial in complex quantity 777

n
A7) = Zafz_‘ =ap+ @z + o+ ta™”
=1

is called the characteristic polynomial. The equation A(z) = 0iscalled the characteristic
2quation.,
From the definition of polynomial shifting operators, it follows that

A(Q) (K y(v)) = (K A(Q)) ¥(v)
A(Q) (1 (v) £ (1)) = A{Q) y1(v) = A(Q) y»2(v)
AQ) (A2Q) ¥()) = (A1(Q) A2(Q)) y{v) = A2(Q) (A1(Q) y{v))

where K is a constant, y(v), y1(v), and y;(v) are sequences of v, and A(Q), A1(Q),
and A;(Q) are polynomial shifting operators. Addition, A1(Q) + A2(Q), subtraction,
A1(Q) — A»(Q), and multiplication, A: (Q)A2(Q), are performed following the rules for
the corresponding operations defined for algebraic polynomials in complex variables,
Division, A;(Q)/A42(Q), Is not defined.

2.4.5 Discrete-Time LT| Systems

Polynomial shifting operators are useful in analysis of discrete-time linear systems. If
a system is specified by its block diagram, we can use polynomial shifting operators to
derive the system input-output relationship in a simpler way. To specify the problem
completely so that a unique solution y(v) can be obtained, for a known sequence x(v)
and the coefficients ; and by, we must specify (1) the range over which a solution is
desired and (2) a set of # initial conditions for y(v). In many cases the range is defined
by 0 = v < 400 and the set of conditions is

y('_]-}s )’(“Z)s ERE }’(—n)

The response of a discrete-time LTT system—that is, the solution y{v)—can be
divided into two parts, namely, a free response and a forced response. The sum of
two responses constitutes the total response. The free response (or initial condition
response), yo(v), is the solution of the difference equation when the input x(v) is iden-
tically zero. The free response depends only on the # initial conditions. Some authors
call it the zero-input response. The forced response, y,(v), is the solution of the dif-
ference equation when all initial conditions arc identically zero. Some authors call it
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the zero-state response. The forced response depends only on the input x(v). The toral
response 1s the sum of the free response and the forced response, ¥(v) = yy(v) + ¥y ().
The total response can be viewed, also, as the sum of the steady-state response and
transient response. These terms are often used for specifying system performance. The
steady-state response is that part of the total response which does not approach zero as
v approaches infinity. The transient response is that part of the total response which
approaches zero as v goes to infinity.

In the study of discrete-time systems and difference equations which describe
them, two special sequences (signals) are used that allow us to obtain simpie repre-
sentations of signals and systems. Assuming that signals described by these sequences
excite a system, we define the following special responses:

o Unit step response of a discrete-time LTI system is the output of the system to a
unit step input with all initial conditions set to zero,

s Unit impuise response of a discrete-time LTT system is the outpat of the system to
a unit impulse input with all initial conditions set to zero.

If we know the unit impulse response, y(v) = ys(v), of an initially relaxed causal
discrete-time LTI system, the forced response, y,(v), of the system, then when the
input is a known sequence x(v), can be written in terms of the convolution sum:

W) = Y ys(v = iyx(@)

f=—o¢

This formula directly follows from the principle of superposition and the sifting property
of the unit impulse sequence.

2.4.6 Properties of LTI Systems

In the preceding sections we showed that the response of LT1 systems can be expressed
in terms of the unit impulse responses. It implies that the characteristics of an LTI
system are completely determined by its impulse response. In the following paragraphs
we revisit several important system properties and define them in terms of the impulse
responses of LTI systems:

¢ Memoryless: A continuous-time LTI system is memoryless if ys(¢) = K4(z), and
a discrete-time LTI system is memoryless if y;(v) = K3(v), where K represents
a constant. If K = 1, the systems become identity systems.

o Causal: A continuous-time LTT system 15 causal if y5{t) = 0, cp, and a discrete-
time LTT system is causal if y;{v) = 0], <.
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¢ Stability: A sufficient condition for BIBO stability of continuous-time LTI
systems 15

[ [vs(2}|df < oo

ma

which means that the impulse response is absolutely integrable. The correspond-
ing condition for discrete-time LTI systems is

Y Iy < oo

V=00
which means that the impulse response 1s absolutely summable.
The unit step response, s{t) or s(v), can be computed from the unit impulse response by
evaluating sit} = fix ys(r)dr, or s(v) = Z:’: o ¥5{f). The above-listed properties
can be examined and verified by using the convolution integral and convolution sum as
a model of an LTI system.

B PROBLEMS

2.1  Construet block diagrams for each of the following equations:
{(a) y=Ax+ 8
(by y=Ko+} i Kx,
where A=100,8=1, K =01,n=3, K, = -2, K, =7, K3 = +/2, x and x; denote
the inputs, and y is the output. Assume that the following basic blocks are available: gain
(multiplication by a constant), adder (summing/subiracting point), takeoff point, generator
(excitation).
2.2 Consider the following equations in which xy, x2, x, represent the inputs and y represents
the output of a system:

2

a d
(a) a 32 +aj ed + @y = BEII + Cx

(h) A%y+3fyd!+€y=!€x

d
(c) y:Aax—l—BfO’xdf+Cx

1 :
where, = 1,0 =1, =4 A=-1,8=3C= 5 K = m?, and t designates
time. Draw a block diagram for each equation. Assume that the following basic blocks
are available: gain (multiplication by a constant), adder {(summing/subtracting point},
takeoff point, generator (excitation), differentiator (with respect to time r), integrator
(with respect to time f).

2.3 Classify the following systems, described by the input-output relation, according to whether
they are time-variable or time-invariant:
(@) y=100x, — 107%x,
1 d

(b) v== Doa’
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(¢) 12t fydi =nx
d? _
d) 7 + (sin2zt})y =0

24 A system is described by the convolution integral

yv{t) = f Rt - nx(n)dr

a0

where x is the input and y is the output. Show that the system is linear.

2.5 Use the Principle of Superposition to find the output y of the ewo-input single-output
system

X »

Y

A two-input single-output system.
2.6  Are either of the following systems, described by the input-output relation, causal?

1
(a) y(t) =120x(t — E)

() y(1) = 1073 2 x(z + 0.01)

2,7 Asystem is characterized by the following equation

y(t) = yxt)?

where x{t) is the system input and y{¢) is the system output. Is this system a linear system?
28 The input x and the output y of a system are related by
y = Aexp(-kx)
where A = —1000 and & = 0.01. Is this system invertible? If yes, find the inverse system
to the given system?
29  Consider systems described by the following equations
N)y=2%-+3
d
D —y=x
(2) 5%
@)y =x(t—0.1)
{4) y(v) =5x(v — 1) — Tx{v — 2), v is integer.
Classify the systems according to whether they are lumped, linear
(8) continuous-time, time-invariant systems

(b) discrele-time, shift-invariani syslems.
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2.10

21

2.12

213

2.14

2158

2.16

2.17

2.18

Find the output y of 4 system described by the diflerential equation

alfj.-i + v = b,gﬁ + byx.  x = ulf)
dr Y dr
with an initial condition y (0—) = K. Assume that ¢y = 1. g9 =2, by = -1, K =3, and
(a) by =0
(b) b =4,

Identify the transient response and the stcady-state response if the output of a system is
(@) ¥{) = (2 -2cxp{—0.121)) ult)
M y)=(27"+0.1sin(n)) uin).

Find the transient and steady-state response of a system described by the differential equa-

tion d
¥ dx
437 + apy = 515 + bpx

) - i 1
with an initial condition v {0—) = K. Assume thata) = 2, a3 = X =1 b=-1,
K =3, and

{a) x =2«n(8xr + %] wit)

(h) x = V2 costrr — %Ju(r}

Show that the unit step response v,(t}, of a causal CTLTI system, is related to the unit
impulse response y;(r) by the equation

Yult) = f yilrydr
1]

Show that the unit ramp responsc y,(r}. of a causal CTLTI svstem, is related to the unit
step response ¥, (t) by the cquation

t
¥e(£) = [ vo{r)dr
0
The unit impulse response of a continuous-time system is given by
ysl(t) = (1 = exp(=)ult)

Find the system output, y.(r). if the system is excited by x (1) = sin(r) u(z). Assume that
the system is initially relaxed.
We know that the unit impulse response of an initially relaxed discrete-time system is

vi{v) = 8(v) = 8v = 1}

Determine the system output, v, {v), for the mput x(v) = u(v}.

Two CTLTI systems are connected in cascade. The unit impulse responses of the systems
are hy(t) = 2(1— cxp (—0.26)) w(r) and k;(r) = cos(mt) u{t). Findthe overall unit impulse
response of the cascaded systems.

Two DTLTI systems arc connected in parallel. The unit impulse responses of the systems
are k(1) = 47 u(v) and hy(v) = 0.4cos{2xv/3). Find the overall unit impuise response

of the systems.
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2.19 Show that the response v of a relaxed causal DTLTI system, excited by a causal input
Se(UEnce x, Is

L

v =) xWkin —v) = ) k@) x(n - v)

v=0 v=0

where £ is the unit impulse response of the system.
220 The response of a relaxed LTI sysiem. y, (), to the unit step input, ¥ = u(2), is

¥, (1Y = exp(—0.1} (03sin(2r) — cos{2))u(t) + uir)

Determine
(a) the peak overshool,
(b) thc delay time,
{c) the rise tire, and
(d) the settling timc.
2,21 Unil impulse responses of two discrete-time ETT systems are given by
0,v =< -1

=42 -1=sp=1

0,v=>1
hy(v) = (v — 2}
Which ong of the two systems is causal?

222 Find the response of the sysiem described in Preblem 2.20 if the system is excited by
x(1) = rulr).
223 The impulsc responses of several systems are given below. For each case determine if the
impulse response represents a stable or an unstable system.
(@) yi(t) = (=2t + 2)exp(0.70)u(t)
() y;(t) = (10cos(t) + /3 sint)) exp(u(t)
(¢) ¥5(1) = (t + 2)sin(mr) exp(—0.60)u(t)
(d) yi(i) = cos(100m ) sin(x e)uls).
2.24 The unit step signal is applied to the input of a system and the output is of the form

v (t) = 2t sin(dmt) ult)

Is the system stable or unstable?
2,25 The gain of the system from Problem 2.5 is defined as

G = l, X = []
X
Find the sensitivity of the gain with respect to the parameter p at the nominal value p = >
a = 10. Compute the gain variation if p changes £10% about the nominal value.
2.26 ‘The unitimpulse response of a DTLTI system is /2(n) = 0.7" u(n). Find the response y{n)
if the signal x(r) = «(n) — u(n —4) is applied to the input of the system. Assume that the
system is initially relaxed.



http ://vib.hit.edu.cn/vibbbs

62 Chap.2 Systems
2,27 A DTLTI system is described by the equation
y(n) = x(n) —ax(n — 1)

Find the response vir} to the input x{n) = (sin{xn/3) + sin(zn/21)} u(n), for

(a) a=10.1
{b) a =109
{c) a =10

Assume that the system is initially relaxed.

B Matas EXERCISES

2.1 Write a MATLAB script that computes and plots the output y{(#), ¢ < ¢ < 5, from Prob-
lem 2.4 for A(t) = exp (—i)u(t), and sinusoidal input x(#) = sm{ew?) u(r), if the angular
frequency takes a value {a) w = 0.5, (h) 0 = 1, () @ = 5, (d) @ = 107, (e} e = 10°.

2.2 Use MATLAB to find the response from Problem 2.10 and Problem 2.12.

2.3 Use MATLAB to compuie the response from Problem 2.15for 0 < ¢t < 5.

24 Write a MATLAB script that computcs {a) the peak overshoot, (b) the delay time, (c) the
rise time, and (d} the settling time, from Problem 2.20.

2.5  Write a MATLAR script that computes and plots the response from Problem 2.26 for 0 <
n < 100.

2.6 A DTLTI system is described by the equation

M

¥n) = Tl x(n — v

v=(
Write a MATLAB script that computes and plots the response y(n), 0 < n < 10, to the
input x(n) = 0.6™" u(n), for
a) M=3
b M=T
Assume that the system is initially relaxed.

2.7 Automate the computation of Problem 2.27 in MATLAB. Plot the response and the input
on the same diagram.

B MATHEMATICA EXERCISES

2.1  Analyre the system from Problem 2.5 symbolically in Mathematica.
{a) Write a notebook that scts the analysis equations and derives the output.
(b} Find the gain and the scnsitivity from Problem 2.25.
{¢) Determine the unit impulse response for the input x;.

(d) Determine the unit step response for the input x;.
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23
24

2.5
2.6
2.7
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Use Mathematica to find the response of each system from Problem 2.23 if the following
signals are applied at the system input:

() x(r) = —4ult)

(b) x(¢) = 0.6cxp(0.250)u(r)

(€) x(t) = ~/Zcos{mr)utt)

{d) x{t)=2sin{2mw{t — )u{t - 5).
Assume that the systems are initially relaxed.
Automate response compuiation from Prablem 2.10 and Problem 2.12 in Mathemarica.
Write a Mathematica code that computes {a) the peak avershoot, (b) the delay time, (¢) the
rise time, and (d} the scttling time, from Problem 2.20.
Can you find the inverse system from Problem 2.8 in Mathenatica?
Use Mathematica to compute the response from Problem 2.15.
Wrile a4 Mathemarica code that computes and plots the response from Problem 2.26.



